We show that the discrete duals of the free orthogonal quantum groups have the Haagerup property and the completely contractive approximation property. Analogous results hold for the free unitary quantum groups and the quantum automorphism groups of finite-dimensional C * -algebras. The proof relies on the monoidal equivalence between free orthogonal quantum groups and SU q (2) quantum groups, on the construction of a sufficient supply of bounded central functionals for SU q (2) quantum groups, and on the free product techniques of Ricard and Xu. Our results generalize previous work in the Kac setting due to Brannan on the Haagerup property, and due to the second author on the CCAP.
Introduction
The universal compact quantum groups O + F and U + F , called respectively the free orthogonal and free unitary quantum groups, were introduced by Van Daele and Wang [39] as nonclassical compact quantum groups characterized by certain universality property with prescribed actions. Banica [1] carried out a detailed analysis of the structure of the representation category and C * -algebras associated to these quantum groups. Regarding approximation properties, Vaes and Vergnioux [37] obtained, from a study of the action of the discrete dual FO F on its Martin boundary, the exactness and the Akemann-Ostrand property of the reduced C * -algebra C * r (FO F ). This allowed them to infer the generalized solidity of the von Neumann algebra L(FO F ) generated by C In this paper, we focus on the operator space structure of universal compact quantum groups. Recall that a C * -algebra A is said to have the completely contractive approximation property (CCAP for short, also known as the complete metric approximation property, or being weakly amenable with Cowling-Haagerup constant 1) if there is a net of completely contractive finite rank operators on A approximating the identity in the topology of pointwise norm-convergence [14] . Analogously, if A is a von Neumann algebra, the approximating maps are normal, and the convergence is with respect to the pointwise σ-weak convergence, then A is said to have the W * CCAP.
Our attention will mostly be concentrated on the free orthogonal quantum groups O + F with F a complex matrix of size N satisfying F F ∈ RI N . Our main result, Theorem 17, implies that the reduced C * -algebra C * r (FO F ), which we will also denote as C r (O + F ), has the CCAP. This generalizes previous results in the Kac-type case where F is the identity matrix I N . Namely, Brannan [8] showed that the discrete quantum group FO N has the Haagerup property and the metric approximation property. Using a precursory idea of this paper, the second author showed the CCAP of FO F when O + F is monoidally equivalent to a Kac one O + m [19] . The approximation maps for the CCAP at hand are given by central multipliers close to completely positive maps. Such operators behave well under monoidal equivalence, passing to discrete quantum subgroups and taking free products (the latter by adapting the technique of Ricard and Xu [33] ). Combining this with results due to Banica [2] , Wang, and Brannan, this allows us to prove the CCAP for all FO F , all FU F , as well as the duals of all free automorphism groups of finite-dimensional C * -algebras with fixed states. Also the W * CCAP for the associated von Neumann algebras follows.
The CCAP for FO F is interesting from several viewpoints. From the viewpoint of quantum group theory, one is naturally led to the comparison of FO F with the free groups. Ever since the seminal work of Haagerup [20] , it has been found out that the free groups F n with n ≥ 2 enjoy many elaborate approximation properties although they fail to be amenable, and it is natural to expect similar properties for FO F . However, the lack of unimodularity brings in several obstacles if one tries to apply the established methods developed for F n . From the viewpoint of deformation rigidity theory, W * CCAP and its variants are exploited to show the sparsity of Cartan subalgebras in the breakthrough papers by Ozawa and Popa [29] , and by Popa and Vaes [31] . Regarding FO F , recent work of Isono [23] on a strengthened Akemann-Ostrand property established that the von Neumann algebra L(FO F ) has no Cartan subalgebra provided it has the W * CCAP and is not injective.
Our proof of the CCAP uses a holomorphicity argument on the Banach space of completely bounded multipliers. Roughly speaking, we proceed by finding a family of complex numbers (b d (z)) d∈N for z ∈ D = {z ∈ C | −1 < ℜ(z) < 1} satisfying the following conditions. (ii) The map z → Ψ z is holomorphic in z as a map into the Banach space of completely bounded maps.
(iii) The operator Ψ t is ucp (unital completely positive) for t ∈ (−1, 1), and converges to the identity as t → 1 in the topology of pointwise norm-convergence.
(iv) There exists 0 < C < 1 such that d |b d (t)| p d cb < ∞ for all 0 < t < C.
Once one has (b d (z)) d,z as above, normalized truncations of the operators Ψ t can approximate Ψ t when t is in the range 0 < t < C. Then, the analyticity implies that any Ψ t with −1 < t < 1 can be approximated by completely contractive finite rank operators. In the context of discrete groups, the holomorphicity of completely bounded multipliers plays a central role in the work of Pytlik and Szwarc [32] , but it was Ozawa who conceived what we need, namely, that the holomorphicity could be an essential substitute for the Bozejko-Picardello type inequality, in his proof of weak amenability of hyperbolic groups (see [10, second proof of Corollary 12.3.5]).
According to [5] , O + F is monoidally equivalent to Woronowicz's compact quantum group SU q (2) [45] for an appropriate choice of q. A simple argument based on the linking algebra of such an equivalence shows that the multipliers of the form Ψ z can be transferred between the reduced C * -algebras of monoidally equivalent quantum groups. This enables us to restrict the problem of finding the b d (z) to the case of SU q (2).
In the Kac-type case, questions of the above sort may be tackled from a classical viewpoint. For example, central multipliers can be obtained by averaging arbitrary multipliers [26] . However, in the non-Kac-type case, the averaging affects the growth condition in a serious way if we try to retain the positivity [11] . To find a proper b d (t) in the case of general q, we will use a one parameter family of representations of the Drinfel'd double of SU q (2) given by Voigt in his study of the Baum-Connes conjecture for FO F [41] . We should also stress that our construction utilizes a purely quantum phenomenon, which degenerates in the classical case of SU(2).
The final part of this paper is devoted to a short study of the relation between the central states and the Drinfel'd double construction, aiming for a more conceptual understanding of the above mentioned quantum phenomenon. It turns out that the complete positivity of our multipliers is related to the nonclassical spectrum of characters of SU q (2) in a slightly disguised subalgebra of the Drinfel'd double. In fact, even though SU q (2) is coamenable, the double is no longer amenable, and this allows us to ultimately overcome the problem of the characters of the free quantum groups having 'too small' norm in the reduced algebra, as observed by Banica [2] .
In the appendix by S. Vaes, it is shown that all L(FU F ) are full factors. As remarked above, this allows one to infer that the L(FU F ) are factors without Cartan subalgebra, for arbitrary invertible matrices F .
Preliminaries

Compact quantum groups
Let G be a compact quantum group [38, 46] . That is, we are given a unital Hopf * -algebra (O(G), ∆), together with a functional ϕ satisfying the invariance property
and the state property: ϕ(1) = 1 and ϕ(x * x) 0 for all x ∈ O(G). We denote the antipode of O(G) by S. As usual, we use the Sweedler notation ∆(x) = x (1) ⊗ x (2) to express the coproduct in a convenient way.
The associated reduced C * -algebra and von Neumann algebra are denoted respectively by C r (G) and L ∞ (G). We also regard these operator algebras as the convolution algebras of the dual discrete quantum group G, and hence also use the equivalent notations C * r ( G) and L( G) interchangeably.
When G is a compact quantum group as above, a discrete quantum subgroup H of G is given by a Hopf * -subalgebra O(H) ⊂ O(G).
The Woronowicz characters [46] are a distinguished family of unital algebra homomorphisms (f z ) z∈C from O(G) into C satisfying the rules
The antipode squared S 2 then satisfies
The structure of O(G) can be captured by components of irreducible unitary corepresentations. That is, there is a basis (u
One may moreover choose the u
for some positive real numbers Q π,i . In that case, one has
where
ij . It extends to a completely bounded map on C r (G), since one can write
ii .
Monoidal equivalence
Two compact quantum groups G 1 and G 2 are said to be monoidally equivalent if their representation categories are equivalent as abstract tensor C * -categories. This implies the existence of * -algebras O(G r , G s ) for r, s ∈ {1, 2} and injective * -homomorphisms
satisfying obvious coassociativity conditions, with (O(G r , G r ), ∆ r rr ) = (O(G r ), ∆ r ) and the coactions ∆ r rs and ∆ s rs being ergodic [5] . Each of these * -algebras then contains an isotypic subspace O(G r , G s ) π associated with each irreducible representation π of
The ergodicity of the coactions implies that the * -algebras O(G r , G s ) have distinguished states given by averaging with the Haar state of G r (or, equivalently, of G s ). The GNSconstruction produces reduced C * -algebras C r (G r , G s ) and injective * -homomorphisms extending (3) , where the codomain is understood to be the minimal tensor product of the relevant C * -algebras.
Quantum SU(2) groups
Let q be a nonzero real number with |q| ≤ 1. In this paper we use the following presentation of SU q (2). The Hopf * -algebra O(SU q (2)) is generated by two elements α and γ with the sole requirement that the matrix 
. With respect to this indexing, the operator Q d/2 can be diagonalized as Q d/2,i = |q| 2i .
Let (µ d ) d∈N denote the dilated Chebyshev polynomials of the second kind, determined by the recurrence relation µ 0 (x) = 1, µ 1 (x) = x and xµ k (x) = µ k−1 (x) + µ k+1 (x) for k ≥ 1. Then, the quantum dimension of U d/2 is given by
for d ∈ N, while the classical dimension satisfies dim(U d/2 ) = µ d (2) [45] .
As SU q (2) is co-amenable, its associated reduced and universal C * -algebra coincide, and will be denoted by C(SU q (2)). It admits a faithful * -representation ρ q on ℓ
The C * -subalgebra of C(SU q (2)) generated by α is isomorphic to the Toeplitz algebra. It can be characterized as the universal unital C * -algebra with a single generator α satisfying the commutation relation αα
. By considering only the first leg of ρ q , we get a faithful representation of C * (α) on ℓ 2 (N), denoted by ρ 0 q .
Free orthogonal quantum groups
Let N 2 be an integer, and let F be an invertible complex matrix of size N. [39, 42] . The change of parameters F → λV F V t for λ ∈ C × and V ∈ U(N) gives a naturally isomorphic quantum group. We will interchangeably denote the associated reduced C * -algebra by C r (O + F ) and C * r (FO F ), where FO F stands for the discrete quantum group dual of O + F . When F satisfies F F = ±I N , the compact quantum group O + F is monoidally equivalent to SU q (2) for the q satisfying q + q −1 = ∓ Tr(F * F ) [5] . In particular, the irreducible representations of O + F are also labeled by half-integers, and the associated quantum dimensions are the same as in the SU q (2)-case.
Central linear functionals
Let G be a compact quantum group. The space O(G) * of linear functionals on O(G) has the structure of a unital associative * -algebra defined by
Note that we take the opposite of the usual convolution product, to have nicer formulas in Section 6.
Clearly ω is central if and only if one has
It is easily seen that there is a one-to-one correspondence between central functionals and functions π → ω π ∈ C on the set of equivalence classes of irreducible representations of G. Namely, to any central functional ω one associates the numbers
while to any π → ω π one associates the central functional u (π) ij → δ ij ω π . In the following, we will use this identification without further comment.
For ω central, the slice map T ω = (ω ⊗ ı) • ∆ on O(G) acts by multiplication by the scalar ω π on the π-isotypic component. Thus, T ω (x) can be written as π ω π p π (x), which is a finite sum for any x ∈ O(G). Conversely, any operator of the form π ω π p π is the slice map of the central linear functional associated with π → ω π . We call T ω the central multiplier associated with ω.
We are interested in central multipliers which extend to completely bounded maps on C r (G). These central multipliers T ω enjoy particularly nice properties, analogous to the Herz-Schur multiplier operators for locally compact groups. Such operators already appeared in several works [8, 15] , but we only need the following simple principle.
Assume that T ω is completely bounded with respect to the reduced C * -norm on O(G). The reduced operator space norm on O(G) is a restriction of the operator space norm on L ∞ (G), which is equal to the norm as the linear operator space dual of
, and using that functionals of the form x → ϕ(yx)
G) * , and that the formula
defines then a completely bounded transformation on L ∞ (G) * with the cb-norm bounded by that of T ω . Taking the adjoint map of M ω , we obtain a completely bounded normal map on L ∞ (G), which extends T ω with the same cb-norm.
When H is a discrete quantum subgroup of G, the central functionals on O(G) restrict to central functionals on O(H), with possibly better cb-norm bounds.
When G 1 and G 2 are monoidally equivalent, there is a canonical one-to-one correspondence between their irreducible representation classes. This determines a canonical bijective correspondence between central linear functionals by means of the identification (6) . In terms of multipliers, this means that if ω is a central linear functional on O(G 1 ), the operator T ω can be seen as acting on O(G 2 ) by the same formula π ω π p π . We still denote by T ω this new operator on O(G 2 ).
Proposition 2 ([19, Proposition 6.3]).
With the above notations, the completely bounded norms of T ω with respect to the reduced C * -algebras C r (G 1 ) and C r (G 2 ) coincide. In particular, T ω is unital and completely positive on C r (G 1 ) if and only if it is unital and completely positive on C r (G 2 ). (ii) For any t, the operator Ψ t is approximated in the cb-norm by finitely supported central multipliers.
(iii) For any π ∈ Irr(G), lim t∈I (ψ t ) π = 1.
Proposition 2 implies that this property is preserved under monoidal equivalence.
Remark 4. When G is of Kac-type, the ACPAP condition (without requiring the centrality assumption) is equivalent to the central ACPAP, as the Kac case allows one to make an averaging process by a conditional expectation [26, Theorems 5.14 and 5.15].
Remark 5. The terminology above is motivated by the notion of completely positive approximation property: for coamenable Kac-type quantum groups such as SU ±1 (2), there is a net of finitely supported and completely positive central multipliers approximating the identity, which could be called the central completely positive approximation property. Such approximating multipliers are a direct analogue of Følner sets for amenable discrete groups. However, even for the SU q (2), one can no longer hope to produce such central completely positive finite rank multipliers simply out of the coamenability, precisely because of the monoidal equivalence with O + F , which is not coamenable! Remark 6. Since the first condition implies (ψ t ) 1 = 1 for the component of the trivial representation, the maps Ψ t of the above net extend to normal ϕ-preserving ucp maps on L( G) which approximate the identity in the pointwise convergence with respect to the σ-weak topology on L( G). Moreover, condition (ii) implies that (ψ t ) π is a c 0 -sequence for any t. In particular, each Ψ t induces a compact operator on L 2 (G, ϕ) and we obtain the Haagerup property for (L( G), ϕ). Here, given a von Neumann algebra M and a faithful normal state ψ, (M, ψ) is said to have the Haagerup property if there is a net of ψ-preserving normal completely positive maps (Ψ t ) t∈I on M such that the Ψ t converge to the identity in the topology of pointwise σ-weak convergence, and such that the Ψ t induce compact operators on L 2 (M, ψ) by the GNS-map of ψ for each t.
It follows that L( G) has another variant of the Haagerup property in the sense of [22] .
Proposition 8. The central ACPAP implies the CCAP for discrete quantum groups.
Proof. Suppose thatĜ has the central ACPAP, with a net (ψ t ) t∈I as in Definition 3. Consider the product net J = I × N. For each (t, n) we choose a finitely supported central
, we obtain a net (Ψ t,n ) (t,n)∈J of finite rank complete contractions (with respect to the reduced norm) such that lim (t,n)∈J (Ψ t,n ) π = 1 for any π ∈ Irr(G). Then the net (Ψ t,n ) (t,n) converges to the identity on O(G) in the pointwise convergence topology with respect to the reduced norm. By the density of O(G) inside C r (G) and the uniform bound on the norms of thẽ Ψ t,n , we obtain the same convergence on C r (G).
Remark 9. In the above construction we may modifyΨ t,n by replacing the component of trivial representation (Ψ t,n ) 1 with 1. This way we obtain a net of normal ϕ-preserving maps on L ∞ (G) which approximate the identity in the σ-weak pointwise convergence topology and satisfy lim sup t,n Ψ t,n cb = 1. Thus, the von Neumann algebra L ∞ (G) has the W * -CCAP.
Central approximation for free orthogonal quantum groups
We now turn to our main results. Recall that the µ d are the dilated Chebyshev polynomials. Motivated by the Kac-type case of [8] , we will show that, for −1 < t < 1, the multiplier operators Ψ t on O(SU q (2)) given by
extend to completely positive multipliers on C(SU q (2)) leading to the central ACPAP (here, as in Introduction, p d denotes the projection onto the isotypic subspace of spin d/2).
Proposition 10. For any q ∈ (−1, 1) \ 0 and −1 < t < 1, there is a central state
is an even function in t, we may assume 0 t < 1. We consider a representation π z of C(SU q (2)) constructed
For any sequence of positive numbers (M k ) k∈N , we can define a new inner product
where Q k,i is the component of the Woronowicz character. When M k = 1, this is the usual inner product induced by ϕ. . It is necessarily bounded as O(SU q (2)) is generated by the components of a unitary matrix, hence it extends to a * -representation ω t of C(SU q (2)) on the Hilbert space completion H t of O(SU q (2)/T) with respect to · , · M (t) (recall that C(SU q (2)) is as well the universal C * -envelope of the * -algebra O(SU q (2))).
Let ψ t be the vector state
Using the basic identities from Section 1, we compute (4)).
Comparing the above with (7), we obtain the assertion.
1 One should note that this parametrization of π z is different from the one of [41] by z ↔ 1 − z.
The next theorem can be interpreted as the uniform boundedness of the representations π z for z ∈ D, the strip formed by complex numbers with real part between −1 and 1.
Theorem 11. For any q ∈ (−1, 1) \ 0, there is a holomorphic map z → θ z from D to the space of bounded central functionals on C(SU q (2)), such that the induced completely bounded map Θ z = (θ z ⊗ ı) • ∆ is a nonzero positive scalar multiple of Ψ t when z = t ∈ (−1, 1).
In order to prove this theorem, we investigate the representations ω t which appeared in the proof of Proposition 10 in more detail in a series of lemmas. In the sequel, we will keep using the notations of the proof of Proposition 10.
Recall the representation ρ q of C(SU q (2)) on
The restriction of E to ρ q (C(SU q (2)) can be considered as a conditional expectation from C(SU q (2)) onto C * (α). More conceptually, it can be defined as the averaging with respect to the scaling group of SU q (2) generated by the square of the antipode. Concretely, E on C(SU q (2)) can be expressed as E(u
. From this description, we obtain the following lemma.
Lemma 12. Let ψ be a central state on C(SU q (2)). We have ψ(x) = ψ(E(x)).
00 .
Proof. This follows from a direct computation, using the definition of ω t and the formulas in Section 1.
We let K t denote the closed span of ω t (C * (α))u
00 in H t . We denote the representation of
Proof. It is well-known that any irreducible representation of the Toeplitz algebra is either a character or is isomorphic to ρ Before embarking on the proof of Theorem 11, let us introduce some notations from the theory of q-special functions (see e.g. [25] for details). Given parameters q, x, and a nonnegative integer k, we set
with the convention (x; q) 0 = 1. For any pair of nonnegative integers k n, the q-binomial coefficient is given by n k q = (q; q) n (q; q) k (q; q) n−k .
With x = y + y −1 , the continuous q-Hermite polynomials (in dilated form) are given by
This corresponds to H n ((x/2) | q) in the notation of [25, Section 3.26] . They satisfy the recurrence relation
Proof of Theorem 11. For the sake of simplicity we assume that q is positive. The general case be handled in the same way by simply replacing all occurrences of q by |q|.
For each −1 < t < 1, consider
Since the sequence (q 2 ; q 2 ) k monotonically decreases to some nonzero number D as k → ∞, the right hand side of the above can be bounded by
for another constant D ′ . Since one has t < 1, the sequence (p n (t)) n∈N is square summable. Moreover, (8) implies that
This implies that the vector η t = p n (t)e n ∈ ℓ 2 (N) is an eigenvector of ρ 0 q (q −1 α + qα * ) with eigenvalue q t + q −t . Lemmas 13 and 14 imply that there exists C t > 0 such that
Note that the right-hand side of (9) is an expression in t which is positive for real t. If we replace t by z = t + is for s ∈ R, each term q z(n−2k) has modulus not greater than q t(n−2k) . Since we already know the ℓ 2 -convergence of (p n (t)) n∈N for −1 < t < 1, we obtain the ℓ 2 -convergence of (p n (z)) n∈N for arbitrary −1 < ℜ(z) < 1. Now, the vectors η z = n p n (z)e n ∈ ℓ 2 (N) is holomorphic in the variable z. For example, one can directly see this from the estimate
for n ∈ N. The right hand side above is yet again bounded by D −5/2 n 2 q (1−ℜ(z))n , which is certainly square summable in n. It follows that the bounded functionals θ z on C * (α) defined by θ z (x) = ρ 0 q (x)η z , η z depend holomorphically on z. By composing these with E, we obtain a holomorphic family of functionals on C(SU q (2)), which is again denoted by (θ z ) z∈D . Setting C z = n p n (z) 2 , we have the equality
.
for z = t ∈ (−1, 1). Since both sides are holomorphic in z and agree on the interval (−1, 1), we obtain the equality for all −1 < ℜ(z) < 1. In particular, θ z is central. Finally, when t ∈ (−1, 1), the number C t is a strictly positive real number by the expression (9).
The next two lemmas allow us to connect Theorem 11 with the central ACPAP of free orthogonal groups.
Lemma 15. The completely bounded norm of p d is bounded from above by
Proof. In general, for any compact quantum group G and any irreducible representation π, formula (2) implies that the cb-norm of p π is bounded by the norm of the quantum character dim q (π
ii . One sees that the latter quantity is bounded by dim q (π)
, we obtain the assertion.
Lemma 16 (cf. [8, Proposition 4.4] ). Let q be a real number satisfying 0 < q < 1, and let z be a complex number satisfying 0 < ℜ(z) < 1. We have the estimate
Proof. From the recurrence relation of the Chebyshev polynomials, we see that
for any complex number z. By ℜ(z) > 0, one has q dz → 0 while q −dz → ∞ as d → ∞. Thus, we have the estimate
This proves the assertion.
Theorem 17. Let F be an invertible matrix of size N satisfying F F ∈ RI N . The discrete quantum group FO F has the central ACPAP.
Proof. Consider the multiplier operators
given by the sequence (b d (t)) d as in (7). We claim that the operators Ψ
3 p d/2 for 0 < t < 1 give a desired net of central multipliers approximating the identity as t → 1. First, by definition, condition (iii) of Definition 3 is readily satisfied. Let q ∈ (−1, 1) be such that SU q (2) is monoidally equivalent to O + F (the case q = ±1 being obvious, cf. the Introduction). Proposition 2 implies that it is enough to check conditions (i) and (ii) for Ψ 3 t acting on C r (SU q (2)).
Proposition 10 implies condition (i). It remains to prove condition (ii). Lemmas 15 and 16 imply that (b d (t)
3 p d cb ) d∈N is absolutely summable for 0 < t < 0.3. In particular, Ψ Remark 19. A well known strategy to construct a net of c 0 completely positive multipliers approximating the identity is to use the Lévy process (e −tψ ) t>0 associated with a conditionally positive functional ψ of large growth. Lévy processes on SU q (2) were studied by Schürmann and Skeide in the 90's ( [35] , etc.). However, it seems difficult to find a conditionally positive functional with both the centrality and large growth directly from their presentation. The centrality can be achieved by "averaging" with respect to the adjoint action, but for quantum groups of non-Kac-type, this operation can affect the growth estimate and condition (iv) in the Introduction may not hold anymore after such an operation [11] .
Complements on universal quantum groups 4.1 Free products
Let us briefly review the free product construction of quantum groups, mainly from [42] . Let G 1 and G 2 be two compact quantum groups, and write O(G i )
• = ⊕ π∈Irr(G)\1 O(G i ) π for the orthogonal complement of the unit with respect to the Haar state. Then the free product of the unital * -algebras O(G 1 ) and O(G 2 ) (with respect to the Haar states) can be realized as the direct sum of C and all the possible alternating tensor products of O(G 1 )
• and O(G 2 )
• , i.e. those whose adjacent tensor factors are distinct. It carries a natural structure of Hopf * -algebra, containing both O(G 1 ) and O(G 2 ) as Hopf * -subalgebras. In the following we write O(G 1 ) * r O(G 2 ) for this free product. As the Haar state on this free product is the free product of the Haar states, the reduced C * -algebra
The irreducible unitary corepresentations of O(G 1 ) * r O(G 2 ) are given by
for n ∈ N, such that if π j is in Irr(G 1 ) then π j+1 is in Irr(G 2 ) and vice versa. The case n = 0 corresponds to the trivial representation, and in general the spectral subspace corresponding to (11) is given by O(
is denoted by G 1 * G 2 , and called the free product of G 1 and G 2 .
Monoidal equivalence is compatible with free products. Indeed, if compact quantum groups G i and H i are monoidally equivalent for i = 1, 2, the universality of free products implies that the free product O( . Analogous to the case of function algebra, the spectral subspace corresponding to (11) is given by
In particular, the coactions of the free product algebras are both ergodic. This provides a linking algebra between the free product quantum groups.
Free unitary quantum groups
Let N 2 be an integer, and (ii) When F F ∈ RI N , there is an inclusion of discrete quantum groups FU F → Z * FO F given by the Hopf * -algebra homomorphism
Here, z denotes the coordinate function on U(1) ⊂ C.
In fact, a free unitary quantum group U + F is always monoidally equivalent to another one, U + Q , with Q ∈ M 2 (C) satisfying QQ ∈ RI 2 . Rescaling F so that it satisfies Tr(F F * ) = Tr((F F * ) −1 ), the Q can be taken as the off-diagonal matrix with coefficients q For a general matrix F ∈ M N (C), Wang showed the following structural results [44] : the free orthogonal quantum group FO F admits a presentation as a free product
where P i and Q j are appropriate matrices of smaller size satisfying Q i Q i ∈ RI N i .
Quantum automorphism groups
Let (B, ψ) be a pair consisting of a finite-dimensional C * -algebra and a state on it. The compact quantum automorphism group of (B, ψ) [3, 43] is defined as the universal Hopf * -algebra O(A aut (B, ψ)) which can be endowed with a coaction
Let m : B ⊗ B → B be the product map. A state ψ is said to be a δ-form if m • m * is equal to δid B for some δ > 0, where m * is the adjoint of m with respect to the GNS-inner products associated with the states ψ ⊗ ψ on B ⊗ B and ψ on B [3] .
Proposition 20. Assume that ψ is a δ-form on a finite-dimensional C * -algebra B. Then, the quantum group A aut (B, ψ) is monoidally equivalent to SO q (3) for the q satisfying (q + q −1 ) = δ.
The following result is due to Brannan but did not appear in the litterature. We therefore include a proof for the sake of completeness.
Proposition 21 (Brannan) . Let B be a finite-dimensional C * -algebra and let ψ be a state on it. Let B = ⊕ k i=1 B i be the coarsest direct sum decomposition into C * -algebras such that the normalization of ψ| B i is a δ i -form for some δ i for each summand. Then, A aut (B, ψ) is isomorphic to the free product * k i=1 A aut (B i , ψ i ), where ψ i is the state on B i obtained by normalizing ψ| B i .
Remark 22. Note that the restricted normalization of ψ to each simple block of B automatically gives some δ-form, hence the above direct sum decomposition exists.
The assumption that ⊕ i B i is a coarsest decomposition as in the assertion implies that the eigenvalues of m • m * on H i are different for distinct i. As m is an intertwiner, it follows that H decomposes into a direct sum of the H i as a representation of A aut (B, ψ). For each i,
is given by an algebra homomorphism preserving the state ψ i . It follows that there is a Hopf * -algebra
. By the universality of free product construction, one obtains a homomorphism
Conversely, the coaction β ′ is implemented by a ψ-preserving * -homomorphism. Thus, it induces a Hopf * -algebra homomorphism
which is inverse to the above homomorphism.
Approximation properties for free quantum groups
Let G be a compact quantum group and let H be a discrete quantum subgroup of G.
Since the complete boundedness and complete positivity of central multiplier operators on O(G) pass to the subalgebra O(H), one has the following lemma.
Lemma 23. The central ACPAP is preserved under taking discrete quantum subgroups.
A little more involved is the permanence of under free products, which is shown by a direct adaptation of a result due to Ricard and Xu [33] .
Proposition 24. The central ACPAP is preserved under taking free products.
Proof. We follow the argument of [33, Proposition 4.11] . Let G and H be discrete quantum groups with the central ACPAP, and (Φ i ) i∈I , (Ψ j ) j∈J be corresponding nets of central ucp multipliers. Since each of the Φ i (resp. Ψ j ) is a unital multiplier on G (resp. on H), it preserves the Haar state. Thus, we obtain a free product ucp map Φ i * Ψ j [6] on C r (G) * r C r (H) For any pair (i, j) ∈ I × J. 
We claim that a subnet ((Φ i * Ψ j )T r ) (i,j,r)∈I×J×R + satisfies the desired conditions in Definition 3.
Since both of (Φ i * Ψ j ) and T r are given by a central ucp multipliers of G * H, so is their composition (Φ i * Ψ j )T r . Thus, it is enough to show that it can be approximated by finite rank central multipliers in the cb-norm. For simplicity, we write Φ = Φ i , Ψ = Ψ i , and fix an error tolerance δ > 0.
Letting
, we can find a large enough N such that (4Nr
For any ǫ > 0, we can choose a finite rank central multiplier Φ 0 on G, which is ǫ-close to Φ in the cb-norm. Then, the norms of
op , ϕ)) are also bounded by ǫ. Similarly, we choose a finite rank central multiplier Ψ 0 on H with the same condition. Applying [33, Lemma 4.10] to T 1,k = Φ 0 and T 2,k = Ψ 0 (independent of k), one sees that the cb-norm of Φ 0 * Ψ 0 is bounded by (2d Using the above results, we can extend Theorem 17 to the following universal quantum groups.
Theorem 25. When G is one of the following compact quantum groups, G has the central ACPAP. aut (B, ψ) , for any finite-dimensional C * -algebra B and any state ψ.
Proof. The case of SU q (2), and more generally of the O + F with F F ∈ RI N , are already proved in Theorem 17. By Lemma 23, we obtain the case for SO q (3).
Since Z = U(1) is amenable, Proposition 24 implies that Z * FO F has the central ACPAP when F satisfies F F ∈ RI N . Again by Lemma 23, we obtain the central ACPAP for FU F with such an F .
For a general FU F , the central ACPAP follows from the monoidal equivalence with FU G for a suitable chosen G satisfying GG ∈ RI N . Then, Proposition 24 and the decomposition (12) implies the case for a general FO F .
Similarly, the central ACPAP for A aut (B, ψ) when ψ is a δ-form follows from the monoidal equivalence with SO q (3). Then, the general case follows from Propositions 21 and 24.
Consequently, for the above quantum groups, the reduced C * -algebra C * r ( G) and the von Neumann algebra L( G) have the Haagerup property relative to the Haar state, and the (W*)CCAP. Note that this was known as for the quantum groups above which are monoidally equivalent to a quantum group of Kac-type, by [8] , [9] and [19] . We can now answer in the affirmative the question on (W * )CCAP raised at the end of Section 1 in [23] . Recall that a Cartan subalgebra in a von Neumann subalgebra is a maximal commutative subalgebra whose normalizer generates the whole von Neumann algebra. Now, Theorem 25 and the results of [24] implies the following structure result.
Proposition 26 ([24, Corollary C]). Any of the following von Neumann algebras has no
Cartan subalgebras if it is noninjective.
We note that various related structural results on these von Neumann algebras are previously known; in particular, the (genaralized) solidity which follows from the exactness and the Akemann-Ostrand property was already known for the free unitary quantum groups, the free orthogonal quantum groups [37, 40] , and the Kac-type quantum automorphism groups [9] .
In fact, the non-injectivity assumption is redundant for the case of FU F , as follows from Theorem 34, a result due to S. Vaes. Let us record this fact as a separate corollary.
Corollary 27. Let F ∈ M N (C) be an invertible matrix. Then the von Neumann algebra L(FU F ) has no Cartan subalgebra.
Note also that for a matrix F with F F ∈ RI N , the quantum group FO F is a nontrivial free product, and then [7, Theorem A] already tells us that there is no Cartan subalgebra in L(FO F ). When the size of F is 2, L(FU + F ) is isomorphic to a free Araki-Woods factor [16] and does not have a Cartan subalgebra by [22] .
The von Neumann algebra L(FO F ) is known to be full, hence noninjective, when F satisfies F 2 Tr(F F * )/ √ 5 [37] . However, in the full generality the noninjectivity of L(FO F ) seems to be unsettled (note that the problem of whether the injectivity implies the coamenability of a compact quantum group is still open). For now, let us give just another sufficient condition for the noninjectivity of free orthogonal quantum groups.
Proof. By Connes's theorem [13] , a von Neumann algebra M on a Hilbert space H is injective if and only if the map
is continuous with respect to the injective norm.
In general, when G is a compact quantum group, there is a natural isomorphism from
Here, J is the modular conjugation of L ∞ (G) andĴ is the one for L(G). These operators can be determined by the formulas
Using the above formulas, if (u (π) ij ) is an irreducible representation of G presented as in Section 1, we see that its character χ π = i u
If we take the inner product of this vector with Λ ϕ (1), we obtain dim(π)
is injective, we have the state
on the closure of the character algebra inside C r (G). 
by the normalization condition on F . From the asymptotic behavior (10) of the Chebyshev polynomials,
has the same asymptotics as (q/q 2 N ) d , where q +q −1 = Tr(F * F ) and q N + q −1 N = N with 0 < q N , q < 1. We deduce that the map (13) cannot be bounded on the reduced character algebra if we have q 2 N > q. Since the latter condition is equivalent to q + q −1 < q
Remark 29. We remark that the above consideration is based on the argument of [4, Theorem 4.5] , which says that the central functional ω(u
, this is precisely the state ψ 0 which appeared in Section 3.
Central states and the Drinfel'd double
The centrality of the states in the proof of Proposition 10 has a more conceptual explanation. As explained in [41, Section 4] , the representations ω t of O(SU q (2)) extend to representations of the Drinfel'd double of SU q (2). The aim of this section is to clarify the correspondence between central states on a compact quantum group and representations of its quantum double in the general setting.
Let G be a compact quantum group. Recall that the linear dual O(G) * of O(G) becomes a * -algebra by (5). We consider a subalgebra c c ( G) of O(G) * given by all linear functionals of the form y ϕ : x → ϕ(xy) ∈ O(G).
It forms a (non-unital) associative * -subalgebra of the space O(G) * . This * -algebra is isomorphic to a direct sum of finite-dimensional matrix algebras. In particular, ϕ becomes a minimal self-adjoint central projection, with ϕω = ω(1)ϕ = ωϕ.
The natural pairing between O(G) and c c ( G) leads to the notion of the Drinfel'd double. This is a (non-unital, associative) * -algebra structure O c ( D(G)) with the underlying vector space O(G) ⊗ c c ( G), such that the natural embeddings of O(G) and c c ( G) become * -subalgebras (of its multiplier algebra), and such that following interchange law is satisfied:
where we denote elementary tensors as xω. Note that the above interchange law implies the relation
The above * -algebra can in fact be made into a * -algebraic quantum group [18] by means of the tensor coproduct. It therefore admits a universal C * -envelope C u 0 ( D(G)) [27] (one can prove this more directly for this particular case). Symbolically, the locally compact quantum group modules (that is, the O c ( D(G))-modules) are equivalent to the G-Yetter-Drinfeld modules [28] .
For every linear functional ω on O(G), we define a linear functional
* , which we denote by Ind. Note that the image of Ind can be characterized as the set of elements ω such that ω(a) = ω(aϕ) for all a ∈ O c ( D(G)). Proof. Let ω be a central state on O(G). Then, for every y ∈ O(G) and θ, γ ∈ c c ( G), we compute
By centrality of ω, the right-hand side is equal to θ(1)γ(1). Hence, we get
which is positive by assumption on ω.
Conversely, assume that ω is a unital linear functional such that Ind(ω) = ω is positive. As noticed already,
and ω is positive, we see that ω is Hermitian. Hence, ω(ϕa) = ω(a) for all a ∈ O c ( D(G)). In particular, ω(ϕx) = ω(x) for all x ∈ O(G). As ω(x * x) = ω(ϕx * xϕ) for x ∈ O(G), we see that ω is positive.
Let us show the centrality of ω. Using the Hermitian property, one has
Combining this with the interchange law, we obtain
As the pairing between O(G) and c c ( G) is non-degenerate, it follows that ω is central. In the following, F is an arbitrary invertible complex matrix. Using [2] , the equivalence classes of irreducible objects of Rep(U + F ) can be identified with the free semigroup N⋆N generated by α and β, respectively corresponding to the generating corepresentation and to its contragredient. The duality on Rep(U 
For every x ∈ N ⋆ N, we fix a corepresentation U x ∈ B(H x ) ⊗ L(FU F ) representing x. Using the orthogonality relations (1), we find positive invertible matrices Q x ∈ B(H x ) such that Tr(Q x ) = dim q (x) = Tr(Q −1
x ) and such that the corresponding state ω x on B(H x ) given by ω x (T ) =
The modular automorphism group (σ ϕ t ) t∈R of ϕ is determined by
It then follows that
The scalar product T, S = ω x (S * T ) turns B(H x ) into a Hilbert space that we denote as K x . For every t ∈ R, we define
Using (14) , it follows that V t x is an isometry. The following analogue of Pukánszky's 14ǫ-argument is the key to the fullness and factoriality of L(FU F ) and also provides the computation of the Sd-invariant of L(FU F ).
Proposition 33. For all a ∈ L(FU F ) and t ∈ R, we have
with the norms at the right hand side being the Hilbert space norms on
Proof. For every x ∈ N ⋆ N, we denote by C x ⊂ L(FU F ) the linear span of all the matrix coefficients of U x . For every v ∈ N ⋆ N, we then define H v as the closed linear span of all C vw , w ∈ N ⋆ N. By construction,
It follows that
is an isometry, we also have that V t βα (a ε + a β ) is orthogonal to V t βα a α . So the last term of (16) is zero and we conclude that
Writing 1 ⊗ a β as the sum of 1 ⊗ a β − V 
Next, define the isometries 
Combining the inequalities in (18) and (19) , it follows that a α Adding up these inequalities and using that a α Let M be a von Neumann algebra with separable predual. The group Aut M of automorphisms of M is a Polish group, with α n → α if and only if ωα n − ωα → 0 for every ω ∈ M * . When the group of inner automorphisms Inn M is a closed subgroup of Aut M, the von Neumann algebra M is said to be full. A bounded sequence (x n ) in M is called a central sequence if for every y ∈ M, we have that x n y − yx n → 0 in the strong * -topology. The bounded sequence (x n ) is called a strongly central sequence if ωx n − x n ω → 0 for every ω ∈ M * . By [12, Theorem 3.1] , M is full if and only if every strongly central sequence (x n ) in M is trivial, meaning that there exists a bounded sequence z n in the center of M such that x n − z n → 0 in the strong * -topology.
A normal semifinite faithful (n.s.f.) weight ψ on a von Neumann algebra M is called almost periodic if the modular operator ∆ ψ has pure point spectrum. A factor M is called almost periodic if it admits an almost periodic n.s.f. weight. In that case, the intersection of the point spectra of the modular operators ∆ ψ of all almost periodic n.s.f. weights ψ on M is a subgroup of R * Proof. Write M = L(FU F ) and let (x n ) be a central sequence in M. Applying Proposition 33 with t = 0, we conclude that x n − ϕ(x n )1 2,ϕ → 0. Since also (x * n ) is a central sequence, also x * n − ϕ(x * n )1 2,ϕ → 0. Both together imply that x n − ϕ(x n )1 converges to 0 in the strong * -topology. So (x n ) is asymptotically scalar. It follows that M is a full factor. In particular, M is non-injective.
Denote by Λ ⊂ R * + the subgroup generated by the eigenvalues of Q⊗Q. Since the modular group (σ Applying Proposition 33 to a = v n , we get that v n − ϕ(v n )1 2,ϕ → 0. This means that |ϕ(v n )| → 1. So we find a sequence λ n ∈ C with |λ n | = 1 for all n and |ϕ(v n ) − λ n | → 0. It follows that v n − λ n 1 2,ϕ → 0. Since also |ϕ(v * n ) − λ n | = |ϕ(v n ) − λ n | → 0, we also get that v * n − λ n 1 2,ϕ → 0. So we have proved that v n − λ n 1 converges to 0 in the strong * -topology. It follows that Adv n → id in Aut(M). Since also (Adv * n ) • σ ϕ tn → id, we conclude that σ ϕ tn → id in Aut(M), and the theorem is proved.
